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Abstract 

This work addresses the study of two-dimensional electron gas in a perpendicular mag- 
netic field in the presence of both Rashba and Dresselhaus spin-orbit (SO) interactions, 
with effective Zeeman coupling. Exact analytical expressions are found for the eigen- 
value problem giving the Landau levels and the associated eigenstates, thanks to an 
appropriate method of parametrization used to quantize the physical system. Such a 
system exhibits interesting properties of quaternions for which vector coherent states 
are built. Similarity with the Weyl-Heisenberg group and some relevant properties of 
these vectors are discussed. 
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1 Introduction 

Spin orbit Hamiltonian systems continue to attract increasing interest in recent years due to 
their prevalence in various physical applications as in semiconductors and spintronics. For 
details in relevant applications, see [1] and references therein. To cite here a few, let us 
mention that in the paradigmatic Datta-Das spin transistor, the spin of the electron passing 
through the device is controlled by the Rashba spin-orbit (SO) interaction [2], which in 
turn can be varied by the application of gate voltages. The Rashba interaction stems from 
the structural inversion asymmetry (SIA) introduced by a heterojunction or by surface or 
external fields. In semiconductors with narrower energy gap (InGaAs, AlGaAs), this effect 
is expected to be stronger. It has been shown experimentally that the Rashba spin-orbit 
interaction can be modified up to 50% by external gate voltages |3], [1]. In addition to the 
Rashba coupling, there is also a material-intrinsic Dresselhaus spin-orbit interaction. This 
originates from the bulk inversion asymmetry (BIA) of the crystal, and can be relatively 
large in semiconductors like InSb/InAlSb |5]. Both Rashba and Dresselhaus interactions 
contribute to the spin-dependent splitting of the band structure of the host material, leading 
to dramatic spin- dependent phenomena for electrons or holes in semiconductors. 

Globally, the determination of the eigenvalues and eigenstates of such systems is cru- 
cial for the understanding and the computation of a number of their important physical 
properties [6]. All these aspects motivate the investigations of the properties of the SO 
Hamiltonian systems. Recently, standard and nonlinear vector coherent states (VCS) have 
been constructed for relevant generalized models in quantum optics for nonlinear spin-Hall 
effect [7] and for the Jaynes-Cummings model in the rotating wave approximation [8]. See 
also references quoted in these works. Despite all these investigations, it is worthy of atten- 
tion to note that only a few exactly analytically solvable eigenvalue problems associated to 
SO interactions exist in the literature. Besides, in the most interesting case of the descrip- 
tion of the more general case, in which both Rashba and Dresselhaus interactions are present 
with arbitrary strength, in the effective Zeeman coupling, exact solutions to the eigenvalue 
problem are still lacking to our best knowledge of the existing works. The present paper 
aims, among others, at fulfilling such a gap. We give explicit exact analytical solutions to the 
addressed eigenvalue problem and build quaternionic VCS (QVCS) for the spinor Landau 
levels. Similarity properties in connection with the Weyl-Heisenberg group is examined. 

The paper is organized as follows. Section 2 deals with the model description in two 
gauge symmetries corresponding to the two orientations of the magnetic field. Then, the 
eigenvalue problem is addressed and solved. In section 3, VCS and QVCS are formulated and 
some physical properties of the latter states are investigated. Then, follows the conclusion. 

2 Physical Hamiltonians 

2.1 Hamiltonian with Zeeman coupling 

The Hamiltonian of a particle system with mass M and charge e with Zeeman coupling 
in an electromagnetic field can be defined by 




(1) 
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where in the term gfi/2a.B, the symbol fi = eh/2M denotes the Bohr magneton, g the factor 
of couphng related to the particle and a = {ax, cry, az) = (cti, (72, a^) the vector of Pauli spin 
matrices. 

Let us first consider the gauge symmetry A = (— "f^^)- Then, the generalized Hamil- 
tonian ([1]) becomes for an electron with charge — e. 



2M 



eB V ( eB 



(2) 



Following the general scheme of canonical quantization, we can introduce the coordinate 
and momentum operators Ri, Pi, i = 1,2 corresponding to the classical coordinates x, y and 
their conjugate momenta Px,Py, respectively, so that the canonical commutation relations 

[Ri, Pj] = thSij, for Ri = X,Y and P, = P^, Py, 2 = 1,2 (3) 

hold. Using the change of variables 

Z = X + zY, p^ = l{p^-^Py)^ (4) 

and the creation and annihilation operators b\ b defined as 

eB eB - 

fet = _2^p. + _z, b = 2iP, + —Z, (5) 

and such that 

[6,6^] = 2MhuJc (6) 

where 

cjc = TF" (the cyclotron frequency), the Hamiltonian ([2]) can be reexpressed in the manner 



ifi,) = tujjc ^'^b' + (Jo + hWcCo'z, C, = —giiMc/2he, 



(7) 



with (To = I2 the identity matrix, where the annihilation and creation operators b and W 
have been simplified as follows: 

b = ^/2MtvjjJ)', b^ = ^2MnwJ)'\ (8) 

with 

[h', b'^] = I. (9) 
The eigenvalues related to Hi^ are given by 

£^ = nw,(^+^^^ hwcC (10) 

The related eigenstates, denoted by ^ ^"^"^ ^ , ^ ^ ^, span the Hilbert space Sj := 

® Sj, with Sj := span{\^n)}'i^=o, \^n) corresponding to the number operator = b'^'b' 
orthonormalized eigenstates |n) = (l/v^)(&'^)"|0), and 

^= {lx+®<^>n)= ( ) , \x^®^n)= ( 1^°^^ ^ , n = 0,l,2...|, (11) 
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where cind x ? given byx"'"=^^^,X orthonormal basis of 

In opposite, in the gauge symmetry A = (-fy, — -f^;), the Hamiltonian is given by 



^2o(p,r)=?/ 



2o 



2M 



(12) 



with the same change of variables as in (jl]). The creation and annihilation operators 
given, respectively, by 

eB - - eB 
S = 2iP, Z, d = -2iP, Z (13) 

satisfy the following commutation relations 

[dj^] = 2Mnwc. (14) 

The corresponding canonically quantized Hamiltonian can be written as 

H20 = hjJc {d^d + ctq + huc^'a^, (15) 
where ^' = through the annihilation and creation operators d and d^ built as follows: 



d = ^j2MhujJ\ S = ^2MhujJ'^ (16) 

with 

K, d!^] = 1 (17) 

The eigenvalues and eigenstates related to the Hamiltonian are obtained as previously. 

2.2 Eigenvalues and eigenstates of general spin-orbit interactions 
Hamiltonians 

Through a reparametrization using the Fock operators or by making use of projections 
and defining the Pauli matrices (t± = (cr^. ± tay)/2, the generalization of Rashba and 
Dresselhaus Ho SO interactions can be introduced as: 

Hr = thwci (A(A^)(6't)V_ - &'^A(iV)cT+) , Hd = hu^P (^b"'X{N)a^ + A(iV)(6't) V+) (18) 

such that, for two values of the parameter e, there follow 

(i) e = +, 



B+^ = b'-'X{N) = b"'X{N), B^, = A(iV)6'+'= = X{N){b'^y; (19) 
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(ii) e = -, 



B+_ = b'+''X{N) = ib'^) X{N), B-_ = -\{N)b'-^ = -A(iV)6'^ (20) 



where A(A^) is a nonvanishing complex valued function of the number operator A^, A(A^) de- 
notes its complex conjugate and /c is a strictly positive integer, k = 1,2, . . . . The expressions 
in (i) and (ii) can be abridged as 



Ke = b'-^'m), B-^ = eX{N)b'^', (21) 
and denoting the generalized dimensionless SO interaction by 

Vk,e = B^^^a^ + B-^^a+, (22) 
the relations f llSp take the following compact forms 

Hn = lhhJc'^Vk,e, Hd = hujc(3Vk,e- (23) 

Recall that in the study of a spin-1/2 particle of charge — e subjected to a spin-orbit interac- 
tion in a perpendicular magnetic field B = —Bz = V x A and an electric field E = Ey along 
the y axis [B], using the introduced lowering operator a, the both Rashba and Dresselhaus cou- 
plings are given by Vr = i\/2r]R{aa^ — aV+) and Vd = \/2riD{a^a^ + aa+) which lead to the 
generalized dimensionless spin-orbit interaction established in [7] as: f/^.e = C^^a+ + C^^a_, 
where = a-'^\%N), C^"^ = \-%N)a'^, with e = ±1. 

From fl22|) and fl23l) . the generalized Hamiltonians describing a 2D electron gas mixing 
with full Rashba and Dresselhaus SO interactions, respectively, and effective Zeeman cou- 
pling in a perpendicular magnetic field background is given in both relevant gauge symmetries 
by 



Hi: 



cBV ( eB 



T + Vso, (24) 



2M 

where Vso stands for the generalized Rashba or Dresselhaus spin-orbit terms given in ( l23i) . 

Remark 2.1 The relevant exactly solvable cases known in the literature correspond to 
/3 = 0, 7 = and 7 = ±/3 and concern with the gauge in which the constant magnetic field 
points along the positive z— direction. The eigenstates and eigenvalues of the associated 
resulting Hamiltonians are given by the expressions: 

• for P = and nonvanishing Rashba SO interaction term, which couples the up-spin 
level ($„_i,0) to the down-spin state (0, $„),n > 1 

1+ _ ( cos6'„,<l>„_i \ I - - ( -sin6'„$„_i 

" V sin^„<l>„ )' '^'n-y cos^„<l>„ 
5 



= hjjj^n T 2 + 472^^2^2/52, (25) 

in which 5 = hwc{l + 2,^). The mixing angle On is given by tan26'„ = 2^fn'^hL>Jcl b and 
varies from (when 7 = 0^ to n/A (for weak magnetic field or strong SO interaction) . 
Each Landau level fj, splits into two levels tp' and ip^+i with the splitting gap 
A = E~- E+^„ 
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• for 7 = and nonvanishing Dresselhaus SO interaction term which couples ($„, 0) 
only to the (0,<l>„_i),n > 1 

,+ _( cos 9n^n \ _ f -sin 9n^n 

= hu^n T 2 (26) 

with S = }ijjJc{—^ + tan26'„ = 2y/nf3}TWc/S. 

It is also worth noticing that for the most usual widespread situation corresponding to 
A(A^) = —il, k = 1, the cases of 7 = ±/3 and \f3\ < \j\ have been treated with or without 
the Zeeman coupling term, using the perturbation theory. For more details, see pQ. In the 
latter case, the Rashba and Dresselhaus SO interactions take the simpler forms in the gauge 
A = (— -fy, -f^;); where Hfi and Hd are obtained from (fT9l) and (120!) by 

Hr = ifvjJc-i{-ib'Ha_ - ib'la+) = hwdib'^cy- + = ^^^7 {^y^ ^ ^ , (27) 



(2J 



respectively. 7 and (3 are dimensionless parameters defined by 7 = 7o\/ and f3 



In the sequel, we turn back to the more general situation when the interaction terms 
( 127|1 and (128|) are coupled with the generalized Hamiltonians Hi^ and if2o investigated in the 
previous section, describing a 2D electron in electromagnetic field with a Zeeman coupling 
term. 

Analog expressions are readily obtained for i^2so ~ -^20 + Kso in the second gauge, when 
the constant magnetic field points along the negative z— direction, by replacing S by S' 
defined with 

The spinor states are formulated as 



for /3 = and 7 ^ 



^+ = cos 9n ( Q ^ ) ® sin 9n ^ 

= cos^„(x+®$„-i)©sin^„(x~8)$„) 



= -sin^„ ( ^'qJ ©cos^n ( ^ 



= -sin^„(x+©<I'n-i)©cos^„(x~©$„), (29) 

for /3 ^ and 7 = 



= cos 9n [ ) © sin 9r, 



$ 1 
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COS Onix^ ® $„) © sin Onix ® ^n-l] 



i^n = -Sin^„ ( ^ ©COS^n ( ^ 



= -sine„(x+©$n)©cose„(x~©$„-i). (30) 

In the weak Rashba SO coupling limit case (7 negligible), we can expand using the 
approximation (1 + 5)^/^ ~ l + e/2,e-C 1 and, by taking h= 1, get from (l25i) 



£n = ^±{7)n, c^±(7) = c^c (1 T (31) 
where (7c <^ 2 is assumed. Define 

p^in):=S^S^---S^ (32) 
with the increasing order 8f < 82 < ■ ■ ■ < S-^ ■, such that 

71 

p±(n) = n^±(7)9 = ^!(^±(7)r- (33) 

q=l 



2.3 Spectral decomposition 

Introduce the passage operators from the Hilbert space S with eigenbasis {IV'^)} to © 
$„)} and vice versa, being the natural basis of C^, given by 



W|x^©$n) = |^^) U^\^i) = \x^®^n) (34) 

where lA^W expand as 

00 00 

n=0,± n=0,± 

respectively. are obtained as mutually adjoint through the following identities: 

oo oo 

U^U = ^ Ix^ © © $n| = I2 © = ^ |^^)(^;^| = I5, (36) 

n=0,± n=0,± 

where l2©-^p| and I5 are the identity on C^©i3 and iS, respectively. Then, the Hamiltonians 
Hi,2so '^^^ rewritten in a diagonal form as below: 

00 

m[^^^^ = U^H,,2,JA = ^ © ^n)£Hx^ © (37) 

n=0,± 
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3 Canonical QVCS and VCS 

In this section, we first provide the canonical QVCS related to the Hamitonian EI^^^'^ and 
then discuss the VCS construction with their connection with the QVCS. Then, statistical 
properties of the constructed QVCS are investigated through studying some expectations 
and the uncertainty relation. 

3.1 Canonical QVCS 

The QVCS are built using the complex representation of quaternions by 2 x 2 matrices [10]. 
Using the basis matrices, 

^°=(i ?)'"'^(° o)'""'^(i "o')'''"^=(o -J' 

where cti, (72 and (T3 are the usual Pauli matrices, a general quaternion is written as 

q = xoao + ix.a (39) 
with Xo G M, X = (xi, X2, X3) G and g_= (ai, —(72, 0-3). Thus, 



Xo + IXs -X2 + IXi 
X2 + IXi Xq - tXs 



(40) 



Introducing the polar coordinates as: 

Xq = rcos?7, Xi = r sin rj sin (j) cos ip, X2 = r sin 77 sin sin -i/^, X3 = r sin 77 cos 0, where 
r G [0, 00), G [0, vr] and ri^ip E [0, 27r], it follows that 

q = A(r)e*''"(") (41) 

where 

A(r) = mo, a{h)=( .^.'^ ^ e^'^ sin \ a{nf = a, = h. (42) 

\ e smcj) — cos (p J 

The field of quaternions is denoted by H, this algebra being generated by {l,2,j,/c}, 
where i, j, are imaginary units. The real quaternions denoted by Qr are given by 

Qr = {g = a^o + xii + X2j + X3A;| = f = P = -1, ijk = -1, Xq, Xi, X2, X3 G M}, (43) 

where q can be written as g = q{xo, x) = xq + i.x, with i = k) and x = (xi, X2, X3) given 
as in ( 15^ . The complex quaternions denoted by Qc are given by g = Xo + iXii + iX2j + iX3k = 
Xo + ii.x- 

Remark that in the definition of the Hamiltonian given in ([7]), the harmonic oscillator 
part of i^io, given by hwc {h'^h' + |) ctq, can be rewritten in the supersymmetric quantum 
mechanics as 
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where the supersymmetric partner Hamiltonians, H^^H^ are given by = Hi^^^ — 
and = Hi^^^ + ^I, with Hi^^^ = hwc {h'^V + |), respectively. This Hamiltonian can 

also be rewritten as H^^^^ = {Q,QH, with Q = y/hooc ( ^, | = \/huJc b'cr- and Q"!" the 

\b J 

supercharges. The annihilation operator defined on ® by 

satisfies the commutation relation [H'^^^"^ , A'] = —tiuJcA!. The connection with the super- 
symmetric harmonic oscillator in this study appears by obtaining the QVCS denoted by 
|q;±), known in the literature as the quaternionic canonical coherent states [10], given on 
® as follows 

|q;±) = ^EtTttI^^®^-)' (46) 



n=0 



where q is given in fHTj) . as the eigenstates of the operator A' in fHS 
The QVCS related to the Hamiltonian H^^q can be defined as 



oo 



|q;±)i = (Ar(.)(|q|))-^/^5^— l=|x^®$„), (47) 

where A/'(*)(|q|), p(*)(n) stand for AZ+dql) and p+(n) (resp. A/'-(|q|) and p_(n)). The variables 
q are as in ( l4Ti) . The 2x2 matrix- valued functions A{r), cr(n) satisfy the following properties 
[To] (assumed to hold almost everywhere with respect to appropriate measures): 

a{n) = a{n)^ [A{r),A{ry] = [A{r),a{n)] = 0. (48) 

The normalization constants A/'(^)(|q|) ensured by the relations 

5^i(q;±|q;±)i = l, (49) 
± 

are given, with respect to (HHj) for |q; ±)i by 



r^2n 



M.,(|,|)=M.,M = 2g-^|-^ = 2e--..". (50) 

The H^gQ QVCS fH7|) satisfy on the Hilbert space ® the following resolution of the 
identity 

V /" |q;±)iH^M(r)i(q;±|dz/ = l^^h, (51) 
_i_ Jv 

W(^i,-){r) is the density function and T> = M.^ x [0, 27r) x S^, where S"^ is the surface of the 
unit two-sphere on which the points with coordinates (0, ip) are defined. The measure du is 
such that (iz/(r, r], (p, ip) = rdrdrjdQ^cf), ip), with dQ{(j), ip) = sin (pdcpdtp. 

The relation f l5T]) translates in the Stieljes moment problems 



oo 

2n+l 



r^"+^f?„(r)dr = p(,)(n), (52) 
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which are solved by 



f^„(r) = ^e"^ (53) 

WW (7) 

where the density functions are given by 

W,.,ir) = ^M^. (54) 

Treating the vectors |q; +)i and |q; — )i as elements of a basis, we shall define a general 
QVCS for mil'l (resp. H^f^) ClS db linear combination, 

|q,x) = c+|q;+)i + c_|q;-)i (55) 

where c± G C, |c+p + |c_p = 1 and x = J2± c±X^- 

It is worth noticing that the constructed QVCS are related to the Weyl-Heisenberg group 
Gw-H as observed in [TU] . Indeed, from the relations 

since 

e-^®''|x^®$o) = Ix^^-^-o), (57) 

we can write 

where C(J(v,)(-) stands for cij(^)(/3) and C(;(^)(7), respectively. Therefore, in the case of the 
Hamiltonian Hi^^, the QVCS can be rewritten as 

|q; ±)i = ^ Ut\0, q)\x^ ® $0) |q; ±)7 = ^ Ut\0, q)\x^ ® $0), (59) 

in analogy with the case of the canonical coherent states [11] , where the operators b' and 6'^ 
are identical to those given in (|8]). 

The unitary operator U has the form (TU] 

m q) = e^«^'^-^^«^' = uiv, 0) ( ^(Q^ ° ) uiv, <P)\ (60) 

and for fixed {rj, (f)),ri, (f), E [0, tt] and p, g, such that 2; = the operators (0,q) and 
U2*\o,q) are defined for Rashba and Dresselhaus SO interactions, respectively, by 

f/W(0, q) = e-^f^^"^-^^^"\ f/«(0, q) = e-^'^^''"^'^''', (61) 
Ut\0, q) = e-^'^^"^-^^^"', [/W(0, q) = e^^'^^^"'^-^^'^''' (62) 



They realize unitary (reducible) representations of the Weyl-Heisenberg group Gw-h [10 
on the Hilbert space ® i^. 
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3.2 Vector coherent states related to Mj^^^ 

This paragraph deals with the Hamiltonian H^g^ VCS and QVCS construction. Each set of 
vectors satisfies a resolution of the identity on the Hilbert space ® i^- 
The VCS are given on ® as 



\Z- ±)i = {N{Z)y''^ Y.^R{n))-'''Z-\x^ ® $„) (63) 

n=0 

where Z = diag(2;i, 22), -^i = rie'^'^^,Z2 = r2e^'-^'^ ,ri,r2 G [0, 00), y^i, </)2 G [0, 27r) and R{n) = 
diag(p+(n),p„(n)). 

In this case, the normalization factor is given by 



Af{Z) = e"?/^+(^) + e^'Z-'-W. (64) 
They fulfill on ® the following resolution of the identity 

J2 [ \Z;±)^Win,r2),{Z;±\dfi = h(S)Is, (65) 

_|_ JViXV2 

where the measure dfi is given on Vi x V2 = {[0,oo) x [0,27r)}^ by dfi{ri,r2,(pi,(p2) = 
^ridrir2dr2dipidip2- From ( 153|) and ( 154|) . the density function is now provided by 



Ait 



W{r,,r2) = AfiZ)- ^^^y^ • (66) 

^+(7)w-(7) 

Let Z = diag{z,z) where z = fe^'^,f G [0, oo),^9 G [0, 27r). Consider 3 = UZW,U G 
SU{2) with U = u^^u^pU^^, 0i,02 G [0, 27r) and if G [0,7r], where 



Introduce the quaternion = B{r)e^^'^^^^ with B{r) = rl2 and 

aCk)=( '"'^"^1 (68) 

\ e ^ sm ip — cos ip J 

and ip E [0,7i],'{}, g E [0,27r]. For 0i = 02 = we get 3 = r(l2 cos-i? + i5"(A;) sin-;?) = 0. 
Then, the QVCS are given by 

00 

10; ±)i = (Ar(f))-i/2 ^(/?(n))"i/20"|x^ ® <f n). (69) 

n=0 

The normalization factor is provided by 

Ar{r) = e^'/"+W + e^''/'^-(^). (70) 
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They satisfy on the following resolution of the identity 



J2 [ \€l;±)iW{f)i{a;±\dfi = h®h 
1 Jv 



where V = [0, oo) x [0, 27r) x S"^ and dfi = j-fdf sirupdipdgdt} with 



W{r) 



_ -2 2uic 
Afjf) {2uj^)"+^ e ["+(7)"-(7)J 
TT (i^_(7))" aj+(7)a;_(7) 





n + l 



J+(7)"-(7) J 



T (<^+(7))" t^+(7)<^-(7) 



Proof. 



V / |n;±)iW^(f)i(n;±M/i 



W{r)x 



V 



± 



(Ar(f))-V2^ 







EE ^ 

m=0 n=0 



n"|x*)(xlQ*""»l*«>(*™|* 



|<l'„)($,„|rf/i. 



Using the facts 



± 



o"(A;)^ = cr(A;) and 

n27r /"TT 
/ e^('^-'")'^"(^)sin(/?rfy?rf^rf^9 
Jo 



if m ^ 

87r^l2 if m = n, 



the last line is written as 



EE 



m=0 n=0 



iy(f) 



;:'\Mp-«'"'?'5'(fc)t 



x5(f)'"Te 



E 



n=0 



A/(r) VP+W P-(^J 



Taking 



W{f) 



J+(7)"- (7) J 



TT (t^_(7))" w+(7)a;_(7) 







Ar(r) (2lJc)"+^ e L"+(t)^-(7)J 
T ('^+(7))" '^+(7)'^- (7) 
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we get from f fMI) that 

J2 I |i3;±)iiy(f)i(n;±M/i 
I Jv 



E 

n=0 



v 



(^-(7)) 



roc 

" Jo 





2uc 1 


2f2n g [I- 


J+(7)"- (7)J 



p+{n) <^+(7)aj_(7) 





riir 







n+l 



Xl2 ® |$„)($n| 

oo 



_f2 2<^c 
TOO 2r2" e L"+(^)"-(^) J I 
Jo p_(n) i^+(7)i^_(7) / 



n=0 



where the following moment problems 



?2 



(2a;c)""^^ /"°° 2f2" e L"+(7)--(7)J ^ 

r(if = 1 (76) 



□ 



(wzp(7))"io P±H ^^+(7)t^-(7) 
are satisfied. 



3.3 Physical properties 

In this section, we study the physical properties of the QVCS ( l47l) and ( l69l) . The generalized 
annihilation, creation and number operators are introduced and allow the definitions of the 
quadrature operators. Their actions on the QVCS ( H71) and ( l69l) are then derived. Next, 
the expectations of these operators are given in the second paragraph. The last paragraph 
discusses the time evolution of the constructed QVCS. 

3.3.1 Generalized annihilation, creation and number operators 

The generalized annihilation, creation and number operators, given on the Hilbert space Sj, 
with respect to the basis {|$n)}^o ^e defined as: 

a|$n) = v^l^n-l), a^l^n) = y^X;^\^n+l), iV'|$n) = Xn\^n), (77) 

with Xn = naj(^)(-) such that xj. = n!(aj(^)(-))'^, xq! = 1. 

The corresponding operators for the QVCS fHTj) are given on ® by 

A = l2®a, A^ = l2^a\ N = l2®N'. (78) 
Their actions on the the QVCS (147|) are 



^|q;±)i = q|q;±)i, 



A^h,±h= (A/'w(|q|))~'^'Eq"V^I^^®'^"+i)' 



n=0 



nr. I 



(79) 
(80) 
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iV|q;±)i= (Ar(.)(|q|))-^/^5^^|x^®$„). (81) 



n=0 

Furthermore, we have 



n=0 

[g,P]|q;±)i = ^(Ar„(|q|))-^/^f;q"i^!^±i^|x^®$.) 



^[A,At]|q;±)i (82) 



where 



3.3.2 Expectations and uncertainty relation 

The expectations of the operators A,A'^,N,P and Q for the QVCS fj47|l are derived in the 
quantum state |q; ±)i as follows: 

(^)|q;±>i= i(q;±|A|q;±)i = (x^lqX^) = ^(cos(r/)±zsin(r/)cos(0)), (84) 



{A^)\,;±), = i(q;±|At|q;±)i = (x^qlx'^) = ^ (cos (r/) ^ z sin (r/) cos (</.)), (85) 



y^ ]. 7^ 

(Q)|q;±>i = ^ COS (r/), (P)|q;±)i = ±^ slu {j]) COS (0), (iV)|q;±)i = -|q|^ = — . (86) 

As other property of the QVCS ( H7|) . the following uncertainty relation, 



[AQnAPf > \ I (AT^dql))-^ ^"^"^^ "^"^ qVlqV) ) (87) 



2 



4 r ^'^^^""^ ^ xj. 



n=0 



is satisfied. In the particular situation where Xn = n, A/'(^)(|q|) = 2e''^, we readily obtain 



\ n=0 / 

Consider the following annihilation and creation operators A, A'' given on ® such 
that 



A\x^ ® $„) = y^nuj±{-f)\x^ ® $„_i), ^t|x^®$n) = \/(^5nW7)|x^®*n+i) (89) 
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and set 

In the case of the QVCS (!69|) . we get in the quantum states ±)i the following relations 



(^)|i3;±>i = rJ'±(r)(cos('(9) ±«sin('(9)cos(93)), 

(^^)|Q;±>i = fJ^±(cos(79)T«sin(79)cos((^)), (91) 



(Q)|Q;±>i = rv^^±(f) COS = ±fv^J-±(f)sin(^9)cos(<^), (92) 



(^^^)|Q;±>, = (r' + ^±(7))-^±(r), (Ar)|Q^±), = f2j-^(f), AT = ^U, (93) 

where Q = ^{A + A^) s^nd V = ^{A - A^). 

The expectations of the operators and are obtained as 

(Q')|Q;±). = \[^r' cos^ (^) + ^±(7)]-^±(r), = ^[4f2 sin^ (^) + u;±(7)] J-±(r). (94) 

There follow the dispersions given by 

(AP)fo^i^^ = 2f2j-±(f) sin^ (^) [1 - J-i(f ) cos^ (^)] + u;±(7)^. (95) 



If we take u;+(7) = t(;-(7), then -7^+(r) = ^ = J^-{r). Then, 



(AQ)fa;±), = ^[a;±(7) + 2f2cos2(^)] 



A' 



a;±(7) + 4r2 sin^(?9) ( 1 - ^ cos^(v?) 



(96) 



Assuming that cos^ (J)) > | and sin^ (-i?) > |, we get the following relations 



1 1 



(A2&±h ^ 4[^±(7) + l]>^ 
(A^)|0;±). > \[u^±{l) + l]>\ (97) 

which yield (AQ)f^^^^^(AP)f^^^^^>^. 
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3.3.3 Time evolution 

The QVCS given in ( 147|) and ( l69l) can be equipped with a parameter r such that they are 
rewritten as 



|q;±,r)i = U(r)|q;±)i 

oo n 



n=0 V^) 



in 



and 



|0; ±, r)i = U(r)|n; ±)i = {Afir)y'/^ J2(R{n))-'/^£l"'e-'^^^\x^ ® $„) (99) 



n=0 



where U(r) = e ^so. The parameter r is introduced such that the states (pjHl) and 
(p?9]) . relatively to the time evolution operator U(t) = e ^so, fulfill the following property 



U(t)|q; ±, r)i = e'^^iFo |q; ±, r)i = |q; ±, r + (100) 



U(i)|0; ±, r)i = e-^«^"o \£l; ±,t), = \£l; ±,T + t),. (101) 

Conclusion 

We have first investigated, in section 2, a Hamiltonian describing an electron gas in a con- 
stant electromagnetic field with Zeeman coupling interaction. A more general Hamiltonian 
with Rashba and Dresselhaus spin-orbit interactions has been also analysed with a general- 
ization of these both interactions, denoted by Vso, provided. Then, in section 3, we have 
provided the canonical QVCS related to the studied Hamiltonian and then discussed the 
VCS construction with their connection with the QVCS. Some interesting physical features 
of the constructed vectors, arising from the introduction of generalized annihilation and 
creation operators which allow the definitions on the Hilbert space ® of quadrature 
operators have been displayed; expectations of these operators and uncertainty relation have 
been computed. With the method of construction developed here, it is possible to extend the 
study in the situation of magnetoresistivity and inelastic light-scattering experiments [12] 
where the interplay between Rashba, Dresselhaus, and Zeeman interactions in a quantum 
well submitted to an external magnetic field has been studied. 
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